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Abstract

A pp-wave is a Lorentzian manifold admitting a parallel light-like vector field and satisfying a certain
curvature condition. On the basis of a new description of pp-waves we introduce generalisations of pp-
waves, on one hand by allowing the vector field to be recurrent and on the other hand by weakening the
curvature condition. We show how these generalisations can be expressed in terms of the screen bundle
of the manifold and how they are related to the screen holonomy. While pp-waves have a trivial screen
holonomy there are no restrictions on the screen holonomy of the generalised pp-waves defined by the
weaker curvature condition.
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1. Introduction

Regarding holonomy theory or the existence of parallel spinors, undoubtedly the most
interesting Lorentzian manifolds are those with indecomposable, but non-irreducible holonomy
representation. This is due to the de Rham/Wu decomposition theorem ([12] and [25]) which
says that any complete semi-Riemannian manifold is isometric to a product of complete semi-
Riemannian manifolds with indecomposable holonomy representation. This implies that a
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Lorentzian manifold is isometric to a product of irreducible or flat Riemannian manifolds and
a Lorentzian manifold, the holonomy representation of which is either trivial, irreducible or
indecomposable. Now, due to Berger’s classification result [6], all irreducible holonomy algebras
are known and the corresponding geometric structures are studied extensively. But in the de
Rham/Wu decomposition there may occur a Lorentzian factor with indecomposable but non-
irreducible holonomy representation. Hence it remains to study those manifolds. Following the
fundamental work by Berard-Bergery and Ikemakhen in [5] recently the holonomy groups of
such manifolds have been classified in [17,19,20] and [14], but very little is known about the
corresponding geometric structures.

The first thing to observe is that a Lorentzian manifold with indecomposable, non-irreducible
holonomy representation admits a recurrent light-like vector field and its holonomy algebra is
contained in the parabolic algebra (R⊕so(n))nRn , provided that the dimension of the manifold
is n + 2. The main ingredient of this holonomy algebra is its so(n)-projection, which is called
screen holonomy. In order to solve the classification problem, we addressed ourselves in [17,19]
and [20] to the classification of the screen holonomy and obtained the result that it has to be a
Riemannian holonomy.

On the other hand it can be shown that any Riemannian holonomy group can be realised
as screen holonomy of an indecomposable, non-irreducible Lorentzian manifold by a rather
simple method: for a Riemannian manifold (N , g) and f ∈ C∞(N ) the manifold R2

× N with
Lorentzian metric 2dxdz+ f dz2

+g is non-irreducible, indecomposable for f sufficiently generic
and, above all, its screen holonomy is equal to the Riemannian holonomy of (N , g).

In this note we want to consider Lorentzian manifolds which are in some sense complementary
to the ones obtained by this procedure and which can be understood as certain generalisations of
pp-waves. pp-waves are defined by the existence of a light-like parallel vector field and a certain
curvature condition. pp-waves are important in several respects. They play an important role in
string theory where they occur as Penrose limits of supersymmetric Ad S × S solutions (see for
example [8]). A certain subclass of pp-waves, the so-called Cahen–Wallach spaces, provides
all non-irreducible, indecomposable Lorentzian symmetric spaces ([11], see also [5]). Another
subclass is given by plane waves which represent the gravitational waves in General Relativity
(see for example [23] for details).

Our aim is to generalise pp-waves in two directions: on one hand we will only require the
existence of a recurrent vector field instead of a parallel one (see Section 4), and on the other
hand, more importantly, we will relax the curvature condition (see Section 5). The second
generalisation is based on a description of pp-waves which we have obtained in [22]. Both
generalisations are related to the screen holonomy in the following sense. In Section 3 we
introduce the so-called screen bundle of a Lorentzian manifold with recurrent light-like vector
field and prove that the screen holonomy can be understood as holonomy of this screen bundle.
Now, pp-waves have trivial screen holonomy, i.e. their screen bundle is flat. This remains true
if we drop the assumption that the vector field is parallel, but it is no longer true if we weaken
the curvature condition. Instead, we prove in Section 5 that the screen bundles restricted to the
light-like hypersurfaces defined by the recurrent vector field are flat.

These generalisations can also be understood in terms of the local form of a Lorentzian metric
h with recurrent light-like vector field and some parts of the paper will deal with this local
form. The ingredients of this form are a function f , a family of one-forms φz and a family of
Riemannian metrics gz since h can be written as h = 2dxdz + f dz2

+ φdz + gz . For a pp-
wave we have φ = 0, gz flat and not depending on z and ∂

∂x ( f ) = 0. If we no longer require
a parallel vector field only the conditions φ = 0 and gz flat and not depending on z remain.
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Finally, weakening the curvature conditions is equivalent to dropping the assumption φ = 0,
i.e. only requiring gz to be flat and not depending on z. As mentioned this is complementary to
the construction method above where φ = 0 was assumed.

Although the defining curvature conditions on these generalised pp-waves are only slightly
weaker than for pp-waves the consequences for the screen holonomy are dramatic in the
following sense. While for pp-waves the screen holonomy has to be trivial, any possible screen
holonomy, that is any Riemannian holonomy, can be obtained for the generalisations of pp-
waves. This can be deduced from a recent result in [14] and is explained in the last section.

2. Lorentzian manifolds with recurrent light-like vector field

A vector field X on a semi-Riemannian manifold (M, h) with Levi-Civita connection ∇ is
called recurrent if ∇ X = Θ ⊗ X where Θ is a one-form on M . If the length of a recurrent vector
field is non-zero, it can be rescaled to a parallel one. This is not true in general if the recurrent
vector field is light-like.

If an (n + 2)-dimensional Lorentzian manifold (M, h) carries a recurrent light-like vector
field X the holonomy group of (M, h) in p ∈ M admits the one-dimensional light-like invariant
subspace R · X p and therefore does not act irreducibly. The orthogonal complement X⊥

p of this
subspace is (n + 1)-dimensional, holonomy invariant as well and contains R · X p, i.e. there is a
holonomy invariant flag

R · X p ⊂ R · X⊥
p ⊂ Tp M.

Hence, X yields two parallel distributions, a one-dimensional, totally isotropic distribution Ξ
with X ∈ Γ (Ξ ), and its (n + 1)-dimensional orthogonal complement

Ξ ⊥
= {U ∈ T M | h(U, X) = 0}

containing Ξ . Both foliate the manifold into light-like linesX , which are the flow of X , and light-
like hypersurfacesX⊥. Using this foliation the following coordinate description was proven ([24,
10] and [23]).

Proposition 1. Let (M, h) be a Lorentzian manifold of dimension n + 2 > 2 with recurrent
light-like vector field X.

1. This is equivalent to the existence of coordinates (U, ϕ = (x, (yi )
n
i=1, z)) in which the metric

h has the following local shape

h = 2dxdz +

n∑
i=1

ui dyi dz + f dz2
+

n∑
i, j=1

gi j dyi dy j (1)

with
∂gi j
∂x =

∂ui
∂x = 0, f ∈ C∞(M). We refer to these coordinates as Walker coordinates.

2. X is parallel if and only if f does not depend on x. We refer to these coordinates as Brinkmann
coordinates.

3. If X is parallel the coordinates can be chosen such that ui = 0 and even that f = 0. We
refer to these coordinates as Schimming coordinates.

A Lorentzian manifold with light-like parallel vector field is called a Brinkmann wave,
after [10]. For further coordinate descriptions see [9] or [21].
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Returning to the holonomy group of a Lorentzian manifold with recurrent light-like vector
field we want to mention some of its algebraic properties. The holonomy algebra h of an (n +2)-
dimensional Lorentzian manifold with recurrent light-like vector field is a subalgebra of the
parabolic algebra p = (R ⊕ so(n)) n Rn which is given in an appropriate basis as

p =


a vt 0

0 A −v

0 0 −a

∣∣∣∣∣∣ a ∈ R, v ∈ Rn, A ∈ so(n)

 .

Its projection onto Rn is surjective if and only if the holonomy group acts indecomposably. The
recurrent vector field is parallel if and only if the holonomy is contained in so(n) n Rn . There
are four different algebraic types of holonomy algebras, two of them uncoupled, i.e. h = g n Rn

and h = (R ⊕ g) n Rn , and two with a coupling between the center of the so(n)-projection and
the R—resp. the Rn—part (for details see [5]). Further algebraic properties can be proven easily.

Lemma 1. Let h be an indecomposable subalgebra of the parabolic algebra. Then:

1. h is solvable if and only if it is 2-step solvable (i.e. h(1)
6= 0 and h(2)

= 0) or Abelian.
2. h is Abelian if and only if h = Rn .
3. If h is the holonomy algebra of an indecomposable, non-irreducible Lorentzian manifold, then

h is 2-step solvable if and only if h = R n Rn or the screen holonomy algebra equals a direct
sum of copies of so(2).

Proof. The first point is obvious from the commutator relations in the parabolic algebra

[(a, A, x), (b, B, y)] = (0, [A, B], (A + aI d)y − (B + bI d)x).

Set g := prso(n)h. If h is solvable, then g has to be solvable. But, as a subalgebra of so(n), g
is reductive, i.e. it is solvable if and only if it is Abelian. Hence h(1)

⊂ g(1) n Rn
= Rn and

therefore h(2)
= 0. From the commutator relation one sees that h(1)

= 0 only if h = Rn . The
remaining decomposition of the so(n)—part g under the assumption that h is a holonomy algebra
follows from a Borel–Lichnerowicz decomposition theorem proved in [5]. �

3. The screen bundle associated to a recurrent light-like vector field

In this section we will describe the SO(n)-projection of an indecomposable, non-irreducible
holonomy group of an (n+2)-dimensional, simply connected Lorentzian manifold as a holonomy
group of a metric connection in a vector bundle, the so called screen bundle. For more details
see [21].

We consider the distributions Ξ and Ξ ⊥ on M introduced in Section 2, which are parallel,
i.e. ∇U leaves Γ (Ξ ) and Γ (Ξ ⊥) invariant for all U ∈ T M . The quotients Ξ ⊥

p /Ξp in every point
p ∈ M define a vector bundle over M,

S :=

.⋃
p∈M

Ξ ⊥
p /Ξp,

which is called screen bundle. The metric h on M defines a scalar product on S, which we denote
by ĥ, via

ĥ([X ], [Y ]) := h(X, Y ).
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With respect to this scalar product the bundle O(S) is defined as the set of orthonormal frames
of S over M . This is a O(n)-principal fibre bundle. O(S) has fibres

Op(S) =

{
([E1], . . . , [En])

∣∣∣∣ (X, E1, . . . , En) a basis of Ξ ⊥
p for X ∈ Ξp

with h(Ei , E j ) = δi j

}
.

Then we can describe S as a vector bundle associated with the bundle O(S):

O(S) ×O(n) Rn
' S

[([E1], . . . , [En]), (x1, . . . xn)] 7→

[
n∑

i=1

xi Ei

]
.

Now we consider the subbundle P(M, h) of the frame bundle with fibres

Pp(M, h) :=

{
(X, E1, . . . , En, Z)

∣∣∣∣ X ∈ Ξp, Ei ∈ Ξ ⊥
p , h(Ei , E j ) = δi j ,

h(Z , Z) = h(Z , Ei ) = 0, h(X, Z) = 1

}
(2)

and structure group P = (R∗
× O(n)) n Rn . We define a surjective bundle homomorphism

f : P(M, h) → O(S)

(X, E1, . . . , En, Z) 7→ ([E1], . . . , [En]) .

Then f defines a reduction of the projection prO(n) : P = (R∗
× O(n)) n Rn

→ O(n).

Lemma 2. f : P(M, h) → O(S) is a prO(n)-reduction.

Proof. We have to verify that the following diagram commutes

P × P(M, h) −→ P(M, h)

↘

prSO(n) × f ↓ � f ↓ � M.

↗

O(n) ×O(S) −→ O(S)

The action of the components of P on P(M, h) is as follows:

(X, E1, . . . , En, Z) · (a, I d, 0) = (aX, E1, . . . , En, a−1 Z) (3)

and

(X, E1, . . . , En, Z) · (1, I d, v)

=

(
X, v1 X + E1, . . . , vn X + En, −

1
2
vtvX −

n∑
k=1

vk Ek + Z

)
.

(4)

Since P is a semi-direct product this implies that

f ((X, E1, . . . , En, Z) · (a, A, v)) = ([E1], . . . , [En]) · A.

But this makes the above diagram commutative. �

Since Ξ is parallel the Levi-Civita connection defines a covariant derivative ∇
S on S by

∇
S
X [Y ] := [∇X Y ].



2122 T. Leistner / Journal of Geometry and Physics 56 (2006) 2117–2134

This covariant derivative is metric with respect to ĥ since the Levi-Civita connection is metric. It
defines a connection form θ on O(S) which is given for a local section σ̂ = ([σ1], . . . , [σn]) ∈

Γ (O(S)) by the formula

∇
S
U [V ] = ∇

S
U [(σ̂ , ν)] = [σ̂ , dν(V ) + θ σ̂ (U ) · ν]

for ν = (ν1, . . . , νn) and [V ] =
∑n

i=1 νi [σi ] locally, where θ σ̂ is the local connection form of θ .
We get the following result.

Proposition 2. Let (M, h) be a Lorentzian manifold of dimension n + 2 and with parallel
isotropic distribution Ξ . Let ω denote the connection form of the Levi-Civita connection ∇.
Then ω is a prO(n)-reduction of the connection θ of O(S).

Proof. We consider the diagram

TP(M, h)
d f

−−−−→ TO(S)

ω

y yθ

p −−−−−−−−−→
dprO(n)=prso(n)

so(n)

(5)

and have to show that (d f )s sends the kernel of ωs to the kernel of θ f (s) for s ∈ P(M, h).
Every element in the kernel of ωs is equal to (dσ)p(U ) for p ∈ M , U ∈ Tp M and a certain

local section σ ∈ Γ (P(M, h)) with σ(p) = s. Now we have

0 = ωσ(p)((dσ)p(U )) = (σ ∗ω)p(U ) = ωσ
p(U ).

For the local connection form ωσ of the Levi-Civita connection one calculates as follows: for
σ = (ξ, σ1, . . . , σn, ζ ) ∈ Γ (P(M, h)) and Er t the standard basis of gl(n + 2, R) we have

0 = ωσ (U ) = h(∇U ξ, ζ )(E00 − En+1n+1) (the R-part)

+

n∑
k=1

h(∇U σk, ζ )(E0k − Ekn+1) ( the Rn-part)

+

∑
1≤k<l≤n

h(∇U σk, σl)(Ekl − Elk) (the so(n)-part).

We have to consider (d f )σ(p)(dσ)p(U ) = d( f ◦ σ)p(U ). If now σ ∈ Γ (P(M, h)) as above,
then f ◦ σ = ([σ1], . . . , [σn]) ∈ Γ (O(S)). Finally we have

θ f ◦σ(p)(d( f ◦ σ)p(U )) = θ f ◦σ (U )

=

∑
1≤k<l≤n

ĥ(∇SU [σk], [σl ])(Ekl − Elk)

=

∑
1≤k<l≤n

h(∇U σk, σl)(Ekl − Elk)

= 0

because of the equation above. That is, d( f ◦ σ)p(U ) is in the kernel of the local connection
θ f ◦σ . Hence it is in the kernel of θ . �

Corollary 1. The diagram (5) commutes and the curvatures Θ of θ and Ω of ω satisfy

f ∗Θ = prso(n) ◦ Ω .
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In particular, the holonomy algebras are related in the following way,

holp(S, ∇S) = prso(n)(holp(M, h)).

Proof. This follows from the proposition by the general theory of reductions of connections.
Since f and d f are surjective one gets by the Ambrose–Singer holonomy theorem that
hol f (s)(θ) = prso(n)(hols(ω)). �

In [17,19] and [20] we have shown that the screen holonomy g := prso(n)(hol(M, h)) has to
be a Riemannian holonomy algebra. Furthermore, the description of g as holonomy of the screen
bundle can be used to interpret the geometric information which is algebraically encoded in g as
geometric structure on the screen bundle S. For example, if there is a complex structure on S
which is compatible with the metric ĥ and parallel to the covariant derivative ∇

S then the flag
Ξ ⊂ Ξ ⊥

⊂ T M is called the Kähler flag. The existence of such a Kähler flag is equivalent to
g ⊂ u(n). For g ⊂ su(n) one calls such a flag a special Kähler flag. For details see [3] and [16].
This can be done analogously for any other geometric structure on S, or algebraic structure on g.

4. Lorentzian manifolds with trivial screen holonomy

In this section we want to collect some results about pp-waves which lead to a further
generalisation of pp-waves in the next section. But first we recall the definition of a pp-
wave. A Brinkmann wave is called a pp-wave if its curvature tensor R satisfies the trace
condition tr(3,5)(4,6)(R ⊗R) = 0. Schimming proved the following coordinate description and
equivalences in [23].

Lemma 3. A Lorentzian manifold (M, h) of dimension n + 2 > 2 is a pp-wave if and only if
there exist local coordinates (U, ϕ = (x, (yi )

n
i=1, z)) in which the metric h has the form

h = 2dxdz + f dz2
+

n∑
i=1

dy2
i , with

∂ f

∂x
= 0. (6)

Lemma 4. A Brinkmann wave (M, h) with parallel light-like vector field X is a pp-wave if and
only if one of the following conditions — in which ξ denotes the 1-form h(X, .)— is satisfied:

1. Λ(1,2,3)(ξ ⊗R) = 0.
2. There is a symmetric (2, 0)-tensor % with %(X, .) = 0, such that R = Λ(1,2)(3,4)(ξ ⊗ % ⊗ ξ).
3. There is a function ϕ, such that tr(1,5)(4,8)(R⊗R) = ϕξ ⊗ ξ ⊗ ξ ⊗ ξ .

In [22] we gave another equivalence for the definition which seems to be simpler than any of
the trace conditions and which allows a generalisation in the next section.

Proposition 3. A Brinkmann wave (M, h) with parallel light-like vector field X and induced
parallel distributions Ξ and Ξ ⊥ is a pp-wave if and only if its curvature tensor satisfies

R(U, V ) : Ξ ⊥
−→ Ξ for all U, V ∈ T M, (7)

or equivalently

R(Y1, Y2) = 0 for all Y1, Y2 ∈ Ξ ⊥. (8)
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From this description one obtains easily that a pp-wave is Ricci-isotropic and has vanishing
scalar curvature. But it also enables us to introduce a first generalisation of pp-waves by
supposing (7) but only the existence of a recurrent light-like vector field. Assuming that the
abbreviation ‘pp’ stands for ‘plane fronted with parallel rays’ we call them pr-waves, ‘plane
fronted with recurrent rays’.

Definition 1. We call a Lorentzian manifold (M, h) a pr-wave if it admits a recurrent light-like
vector field X and its curvature tensor R obeys

R(U, V ) : Ξ ⊥
−→ Ξ for all U, V ∈ T M, (9)

or equivalently R(Y1, Y2) = 0 for all Y1, Y2 ∈ X⊥.

Since X is not parallel all the trace conditions which were true for a pp-wave fail to
hold for a pr-wave. For example, if we suppose (9) we get for the trace tr(3,5)(4,6)(R ⊗

R)(U, V, W, Z) = h p(R(U, V )X,R(W, Z)Z) which is not necessarily zero. But one can prove
an equivalence similar to 1 of Lemma 4. We proved the following lemmata and propositions
in [22].

Lemma 5. A Lorentzian manifold (M, h) with recurrent light-like vector field X is a pr-wave if
and only if Λ(1,2,3)(ξ ⊗R) = 0, where ξ denotes the 1-form h(X, .).

Also we get a description in terms of local coordinates similar to that for pp-waves.

Lemma 6. A Lorentzian manifold (M, h) of dimension n + 2 > 2 is a pr-wave if and only if
around any point o ∈ M there exist coordinates (U, ϕ = (x, (yi )

n
i=1, z)) in which the metric h

has the following form,

h = 2dxdz + f dz2
+

n∑
i=1

dy2
i , with f ∈ C∞(M). (10)

Regarding the vanishing of the screen holonomy the following result can be obtained by the
description of Proposition 3 and the definition of a pr-wave.

Proposition 4. A Lorentzian manifold (M, h) with recurrent light-like vector field is a pr-wave
if and only if the following equivalent conditions hold:

(1) The screen holonomy of (M, h) is trivial (i.e. the screen bundle over M is flat).
(2) (M, h) has solvable holonomy contained in R n Rn .

In addition, (M, h) is a pp-wave if and only if its holonomy is Abelian, i.e. contained in Rn .

Finally, we have proven that the property of being Ricci-isotropic forces a pr-wave to be a
pp-wave.

Proposition 5. A pr-wave is a pp-wave if and only if it is Ricci-isotropic.

For sake of completeness we also want to mention two subclasses of pp-waves. The first are
the plane waves which are pp-waves with quasi-recurrent curvature, i.e. ∇R = ξ ⊗ R̃ where
ξ = h(X, .) and R̃ a (4, 0)-tensor. For plane waves the function f in the local form of the metric
is of the form f =

∑n
i, j=1 ai j yi y j where the ai j are functions of z. A subclass of plane waves are

the Lorentzian symmetric spaces with solvable transvection group, the so-called Cahen–Wallach
spaces (see [11], also [5]). For these the function f satisfies f =

∑n
i, j=1 ai j yi y j where the ai j

are constants.
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5. Another generalisation of pp-waves

Now we want to introduce another class of Lorentzian manifolds by relaxing also the
curvature condition.

Definition 2. We say that a Lorentzian manifold (M, h) with recurrent light-like vector field has
light-like hypersurface curvature if its curvature tensor R obeys

R(U, V ) : Ξ ⊥
−→ Ξ for all U, V ∈ Ξ ⊥, (11)

where Ξ and Ξ ⊥ are the light-like distributions defined by the recurrent vector field.

Of course, (11) is equivalent to the fact that the (4, 0)-curvature tensor vanishes on Ξ ⊥
× Ξ ⊥

×

Ξ ⊥
× Ξ ⊥.

The chosen name can be explained by the following considerations. Since (M, h) carries
a recurrent light-like vector field, the manifold is foliated into the flow of this vector field
and the submanifolds defined by the integrable distribution Ξ ⊥. Hence, through any point
p ∈ M goes a one-dimensional isotropic submanifold Xp and a light-like hypersurface X⊥

p

with tangent bundles TXp = Ξ |Xp and TX⊥
p = Ξ ⊥

|X⊥
p

respectively, satisfying Xp ⊂ X⊥
p .

Since the distribution Ξ ⊥ is parallel, i.e. ∇U : Γ (Ξ (⊥)) → Γ (Ξ (⊥)) for every U ∈ T M , the
Levi-Civita connection ∇ of (M, h) defines a connection on the hypersurface X⊥

p , denoted by
◦

∇: Γ (TX⊥
p ⊗ TX⊥

p ) → Γ (TX⊥
p ). Then we get the following equivalences.

Proposition 6. A Lorentzian manifold with recurrent light-like vector field X has light-like
hypersurface curvature if and only if every light-like hypersurface X⊥

p , defined by X and

equipped with induced connection
◦

∇, satisfies one of the following equivalent conditions:

(1) If
◦

R is the curvature of
◦

∇, then for any U, V, W ∈ TX⊥
p the tangent vector

◦

R (U, V )W is
light-like.

(2) The holonomy of
◦

∇ is solvable and contained in R n Rn .

If in addition X is parallel, then the holonomy of
◦

∇ is Abelian and contained in Rn .

Proof. First we prove the equivalence of the two conditions under the assumption that (M, h) is
a Lorentzian manifold with recurrent light-like vector field X . The equivalence is based on the

Ambrose–Singer holonomy theorem which says that holq(X⊥
p ,

◦

∇) is generated by the following
endomorphisms of TqX⊥

p = Ξ ⊥
q ,

◦

P−1
γ ◦

◦

R (U, V ) ◦
◦

Pγ ∈ gl(TqX⊥
p ),

where
◦

Pγ is the parallel displacement w.r.t.
◦

∇ along a curve γ in X⊥
p starting at q, and

U, V ∈ Ξ ⊥

γ (1). For γ being the constant curve it becomes evident that (2) implies (1). Now

bearing in mind that ∇ =
◦

∇ on Xp which implies that
◦

Pγ leaves Ξ invariant, (1) implies that the
holonomy algebra maps TqX⊥

p = Ξ ⊥
q onto Ξq which means it is contained in{(

a vt

0 0

) ∣∣∣∣ a ∈ R, v ∈ Rn
}

⊂ gl(n + 1)



2126 T. Leistner / Journal of Geometry and Physics 56 (2006) 2117–2134

with respect to a basis adapted to Ξq ⊂ Ξ ⊥
q . In addition, when X is parallel it is mapped to zero

by the holonomy algebra as
◦

R (U, V )X = 0. Finally it is evident that the condition (11) from
the definition is equivalent to (1). �

In [7] the quantities assigned to the hypersurfaces X⊥
p are used to describe the holonomy

of a Lorentzian manifold further, in particular to decide to which type in the distinction given
in [5] by Berard-Bergery and Ikemakhen the holonomy algebra belongs. This approach makes
use of a screen distribution which is complementary and orthogonal to Ξ in Ξ ⊥ (see also [4],
or recently [1] and [13]). Such a screen distribution can always be chosen, but since it requires
a choice we prefer to work with an analogon to the screen bundle introduced in Section 3 which
can be defined without making such a choice.

Let X⊥
p be a light-like hypersurface through p ∈ M defined by the recurrent light-like vector

field X . Then we define the restricted screen bundle over X⊥

P as

◦

S := S|X⊥
p
.

◦

S is equipped with a covariant derivative defined by
◦

∇,

∇

◦

S
U [V ] := [

◦

∇U V ], for U ∈ TX⊥
p , V ∈ Γ (TX⊥

p ).

Again, since Ξ is
◦

∇-invariant, this is well defined. We obtain another equivalence in terms of the
screen bundle.

Proposition 7. A Lorentzian manifold with recurrent light-like vector field X has light-like
hypersurface curvature if and only if over every light-like hypersurface X⊥

p defined by X the

connection ∇

◦

S on the restricted screen bundle
◦

S is flat.

Proof. The curvature R
◦

S of ∇

◦

S can be written in terms of the curvature of
◦

∇ as

R
◦

S(U, V )[W ] = [
◦

R (U, V )W ], for U, V, W ∈ TX⊥
p .

Then the previous proposition gives the equivalence. �

For the case where the vector field X is parallel we obtain the following equivalent trace
condition.

Proposition 8. A Brinkmann wave (M, h) has light-like hypersurface curvature if and only if
the curvature tensor R of (M, h) obeys ‖R‖

2
= 0 where ‖R‖

2 is the square of the norm of the
curvature tensor, defined by ‖R‖

2
:= tr(1,5)(2,6)(3,7)(4,8)(R⊗R).

Proof. Again we use the basis (X, E1, . . . , En, Z) as in (2). Because X is parallel every
curvature term where X is plugged in vanishes and we get

‖R‖
2

=

n∑
i, j,k,l=1

R(Ei , E j , Ek, El)
2.

But this expression vanishes if and only if (M, h) satisfies (11). �

Now we want to focus on the description of a Lorentzian manifold with light-like hypersurface
curvature in local coordinates.
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Proposition 9. A Lorentzian manifold (M, h) of dimension n+2 > 2 has light-like hypersurface
curvature if and only if around any point o ∈ M there exist coordinates (U, ϕ = (x, (yi )

n
i=1, z))

in which the metric h has the following local shape

h = 2dxdz + f dz2
+

(
n∑

i=1

ui dyi

)
dz +

n∑
i=1

dy2
i (12)

with ∂ui
∂x = 0 and f ∈ C∞(M). If, in addition, (M, h) is a Brinkmann wave, then f does not

depend on x. In the corresponding Schimming coordinates (ui = 0) the gi j are the coefficients
of a z-dependent family of flat Riemannian metrics.

Proof. For Walker coordinates (x, y1, . . . , yn, z) the condition that R vanishes on Ξ ⊥ gives
that R( ∂

∂yi
, ∂

∂y j
, ∂

∂yk
, ∂

∂yl
) = 0. But this is the integrability condition for the existence of new

coordinates with h( ∂
∂yi

, ∂
∂y j

) = δi j . This proves the first point.

If we now chose Schimming coordinates we still have the conditionR( ∂
∂yi

, ∂
∂y j

, ∂
∂yk

, ∂
∂yl

) = 0.

But for Schimming coordinatesR( ∂
∂yi

, ∂
∂y j

, ∂
∂yk

, ∂
∂yl

) is equal toRg( ∂
∂yi

, ∂
∂y j

, ∂
∂yk

, ∂
∂yl

) whereRg

denotes the curvature tensor of the Riemannian metrics defined by the coefficients gi j . Hence for
each z this has to be a flat Riemannian metric. �

The description in these coordinates shows that the so(n)-part of the curvature and the
holonomy is generated by expressions of the form R( ∂

∂z ,
∂

∂yi
) as we will see in the following.

We will illustrate this description in two different types of coordinates by some calculations.
First we calculate the curvature of a Lorentzian manifold with light-like hypersurface

curvature in a point and given coordinates of the form (12). We can arrange these coordinates
around the point p in such a way that ∂

∂x , ( ∂
∂yi

)
n

i=1
, ∂

∂z is a basis of the form (X, E1, . . . , En, Z)

as in (2). Hence, if g := prso(n)(holp(M, h)), then g contains the following elements of so(n),
for each U, V ∈ Tp M :

n∑
i, j=1

h

(
R(U, V )

∂

∂yi
,

∂

∂y j

)
Ei j

where Ei j denotes the standard basis of so(n). Now the only non-vanishing curvature terms of
this form are

h

(
R
(

∂

∂yk
,

∂

∂z

)
∂

∂yi
,

∂

∂y j

)
= R

(
∂

∂yk
,

∂

∂z
,

∂

∂yi
,

∂

∂y j

)
=

1
2

∂

∂yk

(
∂

∂yi
(u j ) −

∂

∂y j
(ui )

)
.

Hence, if one finds functions (u1, . . . , un) with ∂
∂yk

(
∂

∂yi
(u j ) −

∂
∂y j

(ui )
)

6= 0 one obtains a non-

irreducible, non-indecomposable Lorentzian manifold with light-like curved hypersurfaces, but
with non-trivial screen holonomy.

Now we calculate the curvature of such a manifold in Schimming coordinates, i.e. with
ui = 0, i.e.

h = 2dxdz + f dz2
+

n∑
i, j=1

gi j dyi dy j .
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Having light-like hypersurface curvature implies that R( ∂
∂yi

, ∂
∂y j

, ∂
∂yk

, ∂
∂yl

) = 0, i.e. that gi j is a

z-dependent family of flat Riemannian metrics. Let us denote by Γ k
i j its z-dependent Christoffel

symbols. Then we get the following for the only non-vanishing curvature terms which are
relevant for the so(n)-projection of the holonomy:

R
(

∂

∂yi
,

∂

∂y j
,

∂

∂yp
,

∂

∂z

)
=

1
2

∂

∂z

(
∂

∂y j
(gi p) −

∂

∂yi
(g j p)

)
+

1
2

n∑
k=1

(
Γ k

ip
∂

∂z
(g jk) − Γ k

jp
∂

∂z
(gik)

)
.

In order to construct a non-irreducible, indecomposable Lorentzian manifold with light-like
curved hypersurfaces and non-trivial screen holonomy one has to find a family of flat Riemannian
metrics with Christoffel symbols such that the above expression is non-zero.

Now we prove further properties of the coordinates.

Proposition 10. A Lorentzian manifold with light-like hypersurface curvature is a pr-wave,
i.e. has trivial screen holonomy, if there exist local coordinates of the form (12) such that the
z-dependent family of one-forms φ :=

∑n
k=1 ukdyk on Rn is closed for any z.

Proof. Since the φz are closed — considered as a family of differential forms on Rn — they
are a differential of a function ϕ which does not depend on the x coordinate. More exactly: if
φz =

∑n
k=1 ukdyk with ∂

∂x (uk) = 0 and

0 = dφz =

n∑
l=1

dul ∧ dyl =

n∑
k,l=1

∂

∂yk
(ul)dyk ∧ dyl

then there exists a β ∈ C∞(M) with ∂
∂x (β) = 0 and uk =

∂
∂yk

(β).
Now we consider the following coordinates

x̃ = x + β, ỹi = yi , z̃ = z. (13)

These satisfy ũi = 0, g̃i j = δi j and f̃ = f − 2 ∂
∂z (β), and are therefore coordinates of a pr-

wave. �

As regards the Ricci curvature we can prove the condition for the Ricci isotropy in terms of
the form φ. The Ricci isotropy is an important property because it is a necessary condition for
the existence of parallel spinors on (M, h) (for a proof see [2]).

Proposition 11. A Brinkmann wave with light-like hypersurface curvature is Ricci-isotropic if
and only if there are coordinates for which the family of one-forms φz :=

∑n
k=1 ukdyk on Rn

satisfies the equation

d∗dφz = 0. (14)

for all z.

Proof. We consider φz as a family of one-forms on Rn . Fixing coordinates of the form (12) we
get that the basis

X :=
∂

∂x
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Z :=
∂

∂z
−

f

2
∂

∂x

Ek :=
∂

∂yi
− ui

∂

∂x
.

is of the form (2). In these coordinates and this basis we obtain as ∂
∂x is parallel:

Ric

(
∂

∂z
,

∂

∂yi

)
=

=0︷ ︸︸ ︷
R
(

∂

∂z
, X, Z ,

∂

∂yi

)

+

=0︷ ︸︸ ︷
R
(

∂

∂z
, X, Z ,

∂

∂yi

)
+

n∑
k=1

R
(

∂

∂z
,

∂

∂yk
,

∂

∂yk
,

∂

∂yi

)

= −
1
2

n∑
k=1

[
∂

∂yk

(
∂

∂yk

(
φz

(
∂

∂yi

)))
−

∂

∂yk

(
∂

∂yi

(
φz

(
∂

∂yk

)))]
= d∗dφz

(
∂

∂yi

)
.

Here d∗ is the co-differential with respect to the flat Riemannian metric g ≡ δi j . But a Brinkmann
wave is Ricci-isotropic if and only if Ric(Y, .) = 0 for every Y ∈ Ξ ⊥ (see for example [22] for a
proof) which gives the statement. �

6. Further remarks on holonomy and examples

We want to start the concluding remarks about the holonomy of Lorentzian manifolds with
light-like hypersurface curvature with an example.

Example 1. There are examples which show that Lorentzian manifolds with light-like
hypersurface curvature can have non-trivial screen holonomy, in particular having irreducible
screen holonomy so(3) ⊂ so(5) given by the Riemannian symmetric pair. The first example of
such a manifold was given in [15], although with another purpose. One considers the following
one-form φ =

∑5
k=1 ukdyk on R5 with

u1 = −y2
3 − 4y2

4 − y2
5 ,

u3 = −2
√

3y2 y3 − 2y4 y5,

u5 = 2
√

3y2 y5 + 2y3 y4,

u2 = u4 = 0.

Now one defines the Lorentzian metric on R7 by

h := 2dxdz + f dz2
+ φdz +

5∑
k=1

dy2
k

where f is a function on R7 with ∂ f
∂yi

6= 0. The holonomy of this manifold equals (R⊕so(3, R))n
R5 or if f does not depend on x equals so(3, R) n R5 where so(3, R) ⊂ so(5, R) is the
irreducible representation defined by the Riemannian symmetric pair: the Lie algebra sl(3, R)
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can be decomposed into vector spaces sl(3, R) = so(3, R) ⊕ sym0(3, R), where sym0(3, R)

denote the trace free symmetric matrices. This is a five-dimensional vector space, invariant and
irreducible under the adjoint action of so(3, R). This representation is equal to the holonomy
representation of the Riemannian symmetric space Sl(3, R)/SO(3, R).

Another example of this type having the same holonomy was constructed in [21] by setting
u1 = −4y1 y2, u2 = 4y1 y2, u3 = −y1 y4 − y2 y4 + y1 y3 − y2 y3 +

√
3(y4 y5 − y3 y5),

u4 = y1 y4 − y2 y4 + y1 y3 + y2 y3 +
√

3(y4 y5 + y3 y5) and u5 = 0. Recently in [14] another such

example was constructed by defining u1 = −
2
3 ((y3)

2
+4(y4)

2
+(y5)

2), u2 =
2
√

3
3 ((y3)

2
−(y5)

2),
u3 =

2
3 (y1 y3−

√
3y2 y3−3y4 y5−(y5)

2), u4 =
8
3 y1 y4 and u5 =

2
3 (y1 y5+

√
3y2 y5+3y3 y4+y3 y5).

These examples also have so(3) ⊂ so(5) as screen holonomy. We do not know whether the three
examples are locally isometric.

On the other hand one can construct a manifold with the same holonomy but with different
geometric properties, i.e. which does not have light-like hypersurface curvature, by the following
construction. Let g be the Riemannian metric on Sl(3, R)/SO(3, R) and consider the Lorentzian
manifold

(M := R2
× (Sl(3, R)/SO(3, R)), h := 2dxdz + f dz2

+ g.)

If f is sufficiently general this manifold is indecomposable and has holonomy algebra so(3) n
R5 or (R ⊕ so(3)) n R5. But, its curvature restricted to

(
∂
∂x

)⊥
does not vanish because

R
(

∂
∂yi

, ∂
∂y j

, ∂
∂yk

, ∂
∂yl

)
equals the curvature of Sl(3, R)/SO(3, R).

This example as well as the curvature calculations in local coordinates show that the so(n)-
part of the holonomy of a Lorentzian manifold with light-like hypersurface curvature is not
necessarily trivial. Due to a recent result in [14] one can even show that any possible screen
holonomy, i.e. any Riemannian holonomy group, can occur as a screen holonomy of a Lorentzian
manifold with light-like hypersurface curvature — although the defining condition on the
curvature of such a manifold is quite strong. We will now indicate why this is the case.

The classification of possible screen holonomies was based on the notion of weak curvature
endomorphisms and weak-Berger algebras which we have introduced in [17]. Weak curvature
endomorphisms are defined for Lie algebras g ⊂ so(n) by a Bianchi-identity:

B(g) := {Q ∈ Hom(Rn, g) | 〈Q(x)y, z〉 + 〈Q(y)z, x〉 + 〈Q(z)x, y〉}.

B(g) is the kernel of the homomorphism λ : Hom(Rn, g) → Λ3(Rn)∗ which is the combination
of skew symmetrisation and dualisation by means of the scalar product 〈., .〉. g is called weak-
Berger algebra if and only if

g = span{Q(x) | Q ∈ B(g), x ∈ Rn
}.

In [19] and [20] we showed that any weak-Berger algebra is a Riemannian holonomy algebra.
On the other hand, any Riemannian holonomy algebra can be realised as a screen holonomy
of a Lorentzian manifold with recurrent or parallel light-like vector field by the following
construction. Let (N , g) be a Riemannian manifold and f ∈ C∞(N × R2) a smooth function
which is sufficiently generic. Then M := R2

× N with the metric

h := 2dxdz + f dz2
+ g

is a Lorentzian manifold with recurrent light-like vector field and the screen holonomy of (M, h)

is equal to the Riemannian holonomy Holp(N , g) (see [18] for details). But it was an open
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question whether for any of the four types of holonomy in [5] any Riemannian holonomy can
be realised as screen holonomy. In [14] it was shown that this is possible. We will now describe
briefly parts of this method which we will need to construct further examples. This construction
uses the fact that the screen holonomy g is a weak-Berger algebra. For details of the following
see [14].

First, for a weak-Berger algebra g ⊂ so(n) one fixes weak curvature endomorphisms
Q A ∈ B(g) for A = 1, . . . , N and a basis e1, . . . , en of Rn , orthonormal w.r.t. 〈., .〉. Now
one defines the following polynomials on Rn+1,

ui (y1, . . . , yn, z) :=

N∑
A=1

n∑
k,l=1

(A − 1)!

3
〈Q A(ek)el + Q A(el)ek, ei 〉yk yl z

A, (15)

and the following Lorentzian metric on Rn+2,

h = 2dxdz + f dz2
+ 2

n∑
i=1

ui dyi dz +

n∑
k=1

dy2
k , (16)

where f is a function on Rn+2. This metric is analytic, hence its holonomy is generated by the
derivations of the curvature tensor. But the metric is constructed in such a way that the only
non-vanishing so(n)-parts of the curvature and its derivatives satisfy

prso(n)

(∇ ∂
∂z

. . . ∇ ∂
∂z︸ ︷︷ ︸

(A−1)-times

R)

(
∂

∂yi
,

∂

∂z

) = Q A(ei ), (17)

for A = 1, . . . , N and i = 1, . . . , n. If one now starts this construction with Q1, . . . , QN
spanning B(g), e.g. a basis of B(g), then the derivatives of the curvature will span g. Hence
the weak-Berger algebra g we started with is the screen holonomy of (Rn+2, h). But, more
importantly, in [14] it is proven that, for any of the four types of indecomposable, non-irreducible
Lorentzian holonomy in [5] the function f can be chosen in such a way that the holonomy of h
belongs to this type.

For our purposes it is important that the constructed metric h admits light-like hypersurface
curvature due to the description in coordinates in Proposition 9. We obtain the following result.

Proposition 12. For any of the four types of indecomposable, non-irreducible Lorentzian
holonomy and any Riemannian holonomy algebra g there is a Lorentzian manifold (M, h) with
light-like hypersurface curvature such that the holonomy of (M, h) is of the given type and its
screen holonomy is equal to g.

This result is most remarkable as the curvature conditions on a manifold with light-like
hypersurface curvature are very strong and only a slight generalisation of the curvature conditions
imposed on a pp-wave, which has trivial screen holonomy.

The method described above gives a construction principle for Lorentzian manifolds with
light-like hypersurface curvature under the assumption that the weak curvature endomorphism
are known. But since every weak-Berger algebra g is a Riemannian holonomy algebra and thus
a Berger algebra, i.e.

g = span{R(x, y) | R ∈ K(g), x, y ∈ Rn
}
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where K(g) are the following curvature endomorphisms

K(g) = {R ∈ Hom(Λ2Rn, g) | R(x, y)z + R(y, z)x + R(z, x)y = 0},

sometimes it is sufficient to know the spaceK(g). We will illustrate this in the following construc-
tion which generalises Example 1. First we note that both spaces of curvature endomorphisms,
B(g) and K(g), are g-modules related in the following way.

Lemma 7. Let g ⊂ so(n). Then the vector space

R(g) := span{R(x, .) ∈ Hom(Rn, g) | R ∈ K(g), x ∈ Rn
}

is a g-submodule of B(g).

Proof. Because of the defining Bianchi-identities, R(g) ⊂ B(g) is ensured. For R ∈ K(g) we
have

(A · R(x, .))(y) = [A, R(x, y)] − R(x, Ay) = (A · R)(x, y) + R(Ax, y) ∈ R(g),

which shows that R(g) is also a submodule. �

This lemma shows that a priori any Berger algebra is a weak-Berger algebra whereas the other
implication requires a proof based on representation theory (see [17,19] and [20]). Nevertheless,
we can apply the lemma in order to construct examples of Lorentzian manifolds with light-like
hypersurface curvature and the holonomy of a Riemannian symmetric space G/K as screen
holonomy.

Suppose G/K is a Riemannian symmetric space of semisimple type and of dimension n. In
particular, the Lie algebras of G and K satisfy g = k ⊕ m with k a subalgebra acting irreducibly
on m and [m, m] ⊂ k. The metric on G/K corresponds to an invariant inner product 〈., .〉 which
is a multiple of the Killing form B of g. The holonomy group of G/K is K acting by the adjoint
representation on m ' T[e](G/K ). Suppose X1, . . . , Xn is a basis of m which is orthogonal with
respect to B. Using these ingredients we define the following polynomials on Rn+1:

u(G,K )
i (y1, . . . , yn, z)

:=

n∑
j,k,l=1

( j − 1)!

3
(B([X j , Xk], [Xl , X i ]) + B([X j , Xl ], [Xk, X i ]))yk yl z

j ,

where [., .] is the commutator in g and B the Killing form. Again we define a Lorentzian metric
on Rn+2 by

h(G,K )
= 2dxdz + f dz2

+ 2
n∑

i=1

u(G,K )
i dyi dz +

n∑
k=1

dy2
k ,

for f being a smooth function on Rn+2. In this situation the following proposition holds.

Proposition 13. Let G/K be an irreducible Riemannian symmetric space of dimension n. Then
the Lorentzian metric h(G,K ) on Rn+2 has light-like hypersurface curvature and its screen
holonomy is equal to the holonomy of the Riemannian symmetric space G/K , i.e. is equal to K .

Proof. The proof relies on the method described above. Since G/K is a Riemannian symmetric
space, the curvature endomorphisms of k satisfy K(k) = R · [., .], where [., .] is the commutator
of g. Since k is the holonomy algebra of this space we get k = span{[X, Y ] | X, Y ∈ m}. Hence
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for a basis X1, . . . , Xn of m, the Q j := [X j ., ] are spanning the submodule R(k) in B(k) by
Lemma 7 and generate the whole Lie algebra k. In this situation, if the basis X i is assumed to be
orthogonal w.r.t. the Killing form B, we obtain for the terms in (15)

B(Q j (Xk)Xl + Q j (Xl)Xk, X i ) = B([X j , Xk]Xl + [X j , Xl ]Xk, X i )

= B([[X j , Xk], Xl ] + [[X j , Xl ], Xk], X i )

= B([X j , Xk], [Xl , X i ]) + B([X j , Xl ], [Xk, X i ]).

Hence, the curvature of h(G,K ) satisfies (17) which implies that the holonomy of h(G,H) is equal
to K . �

Again, as in Example 1, a Lorentzian manifold with the same screen holonomy can be
obtained using the metric h = 2dxdz + f dz2

+ g where g is the Riemannian metric of G/K .
But this manifold does not have light-like hypersurface curvature and is therefore not locally
isometric to h(G,K ).

In principle, the method of [14] works for any Riemannian holonomy algebra, also non-
symmetric ones, if one is able to calculate B(g). As in Proposition 13 one could also try to
use the submodule R(g), but for non-symmetric Riemannian holonomy algebras, K(g) can be
very big and thus the calculations complicated. Another way is to use other, easier submodules
of B(g). This methods works if g is simple, since any submodule of B(g) generates a non-trivial
ideal in g which has to be equal to g for g simple. For example, in the case of the exceptional Lie
algebra g2 ⊂ so(V ) with V = R7 the g2-module Hom(V, g2) which contains B(g2) splits into
the direct sum of V[1,1], �

2
0 V ∗ and V , where V[1,1] is the 64-dimensional g2-module of highest

weight (1, 1), and �
2
0 V ∗ is the 27-dimensional module of highest weight (2, 0). Since B(g2) is

the kernel of the skew symmetrisation

λ : Hom(V, g2) −→ Λ3V ∗

// \\

V[1,1] ⊕ �
2
0V ∗

⊕ V �
2
0V ∗

⊕ V ⊕ C

a dimension analysis shows that B(g) must contain V[1,1]. Thus, by choosing a basis of V[1,1] a
metric of the form (16) with coefficients as in (15) can be defined and one obtains a Lorentzian
manifold with light-like hypersurface curvature and screen holonomy G2.
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